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Enzymic hydrolysis of biopolymers via 
single-scission attack pathways: a unified 
kinetic model 

R. A Z H A R I ,  N. LOTAN 
Department of Biomedical Engineering, Technion-lsrael Institute of Technology, 
Haifa 32000, Israel 

A unified analytical model is suggested for describing single-scission attack pathways for 
enzymic hydrolysis of polymers. This model encompasses the preferred attack degradation, as 
well as the endo- and exo-type ones. The model is based on kinetic and statistic 
considerations. It was developed to account for a variety of reaction characteristics, including 
cases in which the kinetic constants depend upon the chain length of the polymeric substrate. 
The analytical model provides a dynamic description of the enzymic degradation process, 
including the overall reaction rate, the time course of the reaction and the array of products 
obtained throughout the process. These characteristics are shown to be affected, to a large 
extent, by even minor changes in the probabilities for bond cleavage. The model developed 
also provides the quantitative evidence for the view that the endo- and exo-type degradation 
pathways are but particular cases of the general, preferred attack one. 

1. Introduction 
Enzymic hydrolysis of polymers is a rather complex 
process. The structure of the polymeric substrate, as 
well as that of the active site of the enzyme, influence 
the mode of degradation. Thus, various pathways 
of degradation have been described in the literature 
for different combinations of polymers and enzymes 
[1-10]. 

In a previous communication [11], we have sug- 
gested a new classification scheme and nomenclature 
for these pathways. Thus, the degradation pathways 
are divided into two main groups. 

1. Single-scission attack group: in these processes, 
each encounter between enzyme and substrate results 
in scission of one bond only. This group includes the 
preferred attack and the endo- and exo-type attack 
pathways. 

2. Multiple-scission attack group: in these pro- 
cesses, each encounter between enzyme and substrate 
results in scission of more than one bond. For this to 
be achieved, after the initial scission step, the enzyme 
remains attached to one of the degradation fragments, 
and performs a few additional scissions before the 
enzyme-substrate complex dissociates. This group in- 
cludes the single-chain attack and the repetitive attack 
pathways. 

In the single-scission group, the preferred attack 
pathway has already been considered in the literature. 
For example, the degradation of amylose by ~-amyl- 
ase from Bacillus amyloliquefaciens or from Aspergillus 
oryzae [2-4] follows this pathway. It was pointed out 
that, in such a process, the susceptibility of bonds to 
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enzymic attack depends upon their location in the 
polymeric chain. This susceptibility can be expressed 
in terms of probability for cleavage I-2 4]. The latter 
can be calculated using energy maps [2, 4]. 

The affinity of the enzyme for a macromolecular 
substrate is often dependent upon the length of the 
polymeric chain. Kusunoki et al. [8] and Pasari et al. 
[9] have shown that for the degradation of glucose 
oligomers by glucoamylase, the kinetic constants de- 
pend upon the length of the oligomeric substrate. We 
also noted such a dependence when describing the 
degradation of a synthetic homopolypeptide, poly-N- 
(2-hydroxyethyl)-L-glutamine by papain [10, 12-15]. 
In both cases the enzymes degrade long polymeric 
chains more readily than the short oligomers. On the 
other hand, the degradation of low molecular weight 
inulin by Kluyveromycesfragilis inulinase was claimed 
to be more rapid than that of high molecular weight 
inulin [16, 17]. 

In considering the degradation of macromolecular 
substrates, the multiplicity of possible reaction path- 
ways and the complexity of the process lead to a 
similarly complex anlaysis. Moreover, in such cases, 
analytical procedures for interpretation of experi- 
mental data, as applied when considering enzymic 
reactions on low molecular weight substrates, are not 
always appropriate. Specific models were developed to 
describe the degradation of a polymer by endo- and 
exo-type attack [18], by the preferred attack [4, 21] 
and by the repetitive attack [6, 19-22]. Only some of 
these models [4, 18] enable prediction of the distribu- 
tion of degradation products throughout the reaction 



course. Moreover, most of the models do not account 
for the dependence of kinetic constants on the chain 
length of the polymeric substrate. 

In this report we present a unified kinetic model for 
describing the enzymic degradation of polymers via 
single-scission attack pathways. The suggested model 
has three unique features: 

1. It is capable of accounting for all single-scission 
attack processes. In this context, the endo- and exo- 
type attacks are shown to be but particular cases of 
the general, preferred attack pathway. 

2. It takes into consideration dependence of kinetic 
constants on the chain length of the polymeric sub- 
strate. 

3. It enables computation of the chain-length dis- 
tributions of products obtained at any stage of the 
reaction. 

A similar approach was used in deriving analytical 
models for describing biodegradation processes via 
multiple-scission attack pathways. These will be con- 
sidered in a subsequent report. 

2. Definitions and assumptions 
2.1. The system 
The analysis presented below addresses itself to sys- 
tems in which a soluble, linear (unbranched) homo- 
polymer is hydrolysed by a single enzyme, which acts 
along a defined degradation pathway. 

This analysis can be further extended to include 
additional kinetic features, such as chain transfer, 
fragment condensation or enzyme inhibition. It can 
also be extended to account for degradation of more 
complex polymeric substrates, such as copolymers. 
These aspects will be considered elsewhere. 

2.2. Kinetic considerations 
The analytical model is developed by extending the 
basic Michaelis-Menten approach. Thus, kinetic ex- 
pressions describing the concentrations of all species 
present in the reaction mixture are written, and these 
are integrated in an overall mass balance. A dynamic 
description of the entire system is thus obtained. 

2.3. Chain-length dependence of kinetic 
constants 

An important feature of the analytical models 
presented below is that all kinetic constants are taken 
to be dependent upon the size of the polymeric sub- 
strate. Thus, for example, when considering the 
Michaelis constant, a characteristic value, namely 
K,.i,  is assigned for each polymeric chain of length i. 
Obviously, a system exhibiting a constant KM is but a 
particular case of this general situation. 

In instances when individual KM,z values are in- 
volved, standard experimental procedures for deter- 
mination of the Michaelis constant can nevertheless 
be applied. However, in this case, an apparent value, 
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KM,v, rather than the individual KM,~ values, will be 
obtained. The quantity KM, v expresses not only the 
average chain length, v, of the polymeric substrate, but 
also additional features, such as the actual chain- 
length distribution of fragments present in the system. 
The exact correlation between KM,,, and KM, ~ is 
discussed in detail in Section 3.3. 

2.4. Probabili ty considerations 
In order to account for the variety of degradation 
pathways, probability considerations are included in 
our model. 

(a) To each hydrolysabte bond in the system, a 
certain scission probability, P~,i, is attributed, ex- 
pressing the relative susceptibility of the bond to 
enzymic attack. The index i indicates the total number 
of residues in the polymeric chain considered, whereas 
the index j indicates the location of the particular 
bond in that chain. Pi,j values are defined in relative 
terms, being normalized with respect to the highest 
probability in the system. Thus, 0 < P~,i -< 1. 

It should be pointed out that, within the context of 
this paper, the probability for bond scission deter- 
mines only the site of enzymic attack, whereas the 
reaction rate is related to the kinetic constants 
(for details, see Section 3.1). 

(b) For each polymeric chain of given size, a unique 
probability profile is delineated. This profile is made 
up of the individual P~,j quantities pertaining to the 
bonds involved. In this study, we limit ourselves to 
probability profiles in which Pi,j is constant for bonds 
located beyond a certain position from a chain end. 
For such systems, the characteristic features of the 
probability profile are: Pmin, the lowest value of Pi.~, 
tor a given i; z, the number of hydrolysable bonds, 
counting from the chain end, beyond which P~,j is 
independent of j; the highest Pi,j in the system. This 
value is always 1, as defined above; and probability 
values, intermediate between Pm~, and 1. These were 
used in calculations, as indicated in Section 3.4 and 
Table I. 

It should be emphasized that the probability profile 
is not related at all to the origin of the chain it 
represents. Thus, chains of particular length, whether 
present from the onset of the process or produced 
during the process, are all tagged by the same prob- 
ability profile. Examples of probability profiles, as 
considered in this study, are shown in Fig. 1. 

3. Results 
3.1. The preferred attack pathway: 

analytical model 
When a polymer undergoes enzymic degradation, 
chain fragments containing i residues (i.e. S~) are 
formed and consumed simultaneously. The ele- 
mentary processes involved are: 

1. Formation of S~ by enzymic degradation of 
chains Sy(y > i), via the complex (ES)~, 

~I,y ka,y 
E + S~, ~ ( E S ) , ,  S, + S~,_~ + E (1) 

~2~y 



T A B L E  I Input parameters to the computer program 

Parameter Symbol a Units 

Michaelis constants b KM, i mM ~ 

( f o r i =  l to N) 

k3, i rain ' 

(fori - 1 t o N )  

N 

CET 
G(0) 
(fori = 1 t o N )  

Pi,j 
(fori - 1 t o N  
and j  - 1 t o i -  1) 

Catalytic constants b 

Size of the longest chain present in the system 
Total concentration of enzyme in the system 
Initial concentration of polymer fragments b 

Probabilities for bond cleavage b 

Molecular weight of a residue 
Duration of the reaction 
Initial integration step 
Constant for division of integration step 

Number of residues 
mM 
mM a 

g mol ' 

min 

min 

As appears in equations in the text. 
b Defined in terms of a mathematical function, or as discrete values. 

Defined in terms of cleavable bonds. 
a Defined in terms of molecules. 

2. Formation and decomposition of complexes 
(ES)z between the enzyme and Si 

k l , i  

E + S i ~ (ES), (2) 
k2,  i 

Thus, the mass balance for polymeric chains of size i is 
described by 

dCi 
dt kl,i CE(Ci)ef f  -}- k2,1(CEs)i 

] + 2 k3,j (CEs)j  
J = i + l  k 2 Pl , j  A 

/ = 1  

+ y k~,j (C~s)j (3) 
J = i + I L  2 Pl,j d 

I = l  

where Ci is the concentration of chain fragments 
containing i residues; (C~)ef f is the effective concentra- 
tion of hydrolysable bonds which are part of chains of 
length i, and are available to the enzyme at a given 
point in time. For a more detailed definition, see 
below; CE is the concentration of free enzyme; (CEs)~, 
(CEs)j are the concentration of complexes (ES)I and 
(ES)j, respectively; N is the number of residues in the 
longest chain present in the system; kl,i, k2,z, k3,1 are 
the elementary kinetic constants pertaining to de- 
gradation of a polymeric chain of length i (see also 
Equations 1 and 2). Quantities kl, x, k2, x, k3,x are 
similarly defined for any value of x; Pz,j, P~,j are the 
probability for cleaving the bond following the ith 
and Ith residues, respectively, from the end of a chain 
containing j residues. 

It should be pointed out that the quantity (C~)of e 
does not represent concentration of real species pre- 
sent in solution, but is related to Ci via Equation 4, 
where Pl,i is defined similarly t o  Pi,j and PI,j above 

i - 1  

(C,)eff = C, ~ P,,, (4) 
1 = 1  
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Figure I Two groups of probability profiles for enzymic 
degradation of polymeric chains of I residues, as considered in the 
present study. For clarity, these profiles are presented as continuous 
lines, while, as a matter of fact, they are a set of discrete values. 

Thus ( C i ) e f  f is a mathematical concept and it accounts 
for the concentration of substrate which is actually 
available to the enzyme at a given point in time. This 
concept takes into consideration the susceptibility 
of particular bonds to enzymic attack. Particular 
examples are considered in Section 3.2. 

Using Equation 4, the rate of change in concentra- 
tion of the complex (ES)i can be described by the mass 
balance equation 

d(CEs)i - d t  IkliCECii~=iPl'il 

- k ~ , , ( C E s ) , -  k~ , , (CEs) ,  (5) 
11 



Under the quasi-steady-state approximation, Equa- 
tion 6 holds 

d(CEs)i 
- 0 (6)  

dt 

and Equation 5obecomes 

kl,i i- 1 
(CEs)i -- k2 i 4- k3 i CE Ci E Pz,, (7) , , /=1 

Combining Equations 3 and 7, Equation 8 is obtained 

dC i 
dt 

' - '  ] 
[k kl,i CE Ci ~., P,,i 
]_ 3,ik2,i + k3,i 1=1 

4- C E ~ ~k3 j kl,j Cj(pi j 
j = i + l  L ' k2, d 4-  k3j ' 

+ Pj_id)l (8) 

We now refer to the basic definition of the Michaelis 
constant, KM,x, as expressed in Equation 9 for any 
value of x 

kz,x 4- k3,x 
gM,x = (9) 

kl ,X 

Using this definition, Equation 8 can be rewritten as 
Equation 10 

• dCi - CE Ci ~ Pt, i 
dt t_ M,~ ~= 

+ CE ~ Cj(P~j + Pj_,j) (10) 
J = i + I L  M,j 

For use in this equation, the quantity CE is calculated 
from the mass balance on the enzyme in the entire 
system. Thus 

N 
CE = GET -- E (CEs)j 

j=2 

1 j - i  
= C E T -  ~ ( - - C E C j  E P,J) (11) 

j=2\KMd /=1 ' /  

where C m- is the total concentration of enzyme, and 
(CEs)i is taken from an expression similar to Equation 
7, after interchanging i and j. 

The concentration of free enzyme is, then, given by 
the equation 

CE 
CET 

j=2 

(12) 

It should be noted that Equation 10 actually repre- 
sents a set of N ordinary differential equations, each 
being related to a certain chain length, i. This set of 
equations can be solved numerically, to yield the chain 
length distribution of fragments present in the system 
at any stage of the degradation process. 

3.2. Single-scission attack pathways: 
a unified view 

The models developed above lead to a unified view of 
the single-scission attack pathways. This is attained by 
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introducing two new concepts: probability profile (de- 
fined in Section 2.4), and effective concentration (de- 
fined in Equation 4). Relying on these concepts, and 
using appropriate values for the parameters involved, 
the mathematical description of any particular single- 
scission attack pathway can be achieved, as shown 
below. 

In terms of this unified approach, let us consider the 
two pathways most frequently encountered during 
enzymic attack of polymers: the endo- and exo-type 
attack. 

In the endo-type attack, each of the (i-1) bonds in 
the chain is equally susceptible to enzymic attack, and 
contributes equally to the effective substrate concen- 
tration. Thus, in this case, (Ci)ef f is also the total 
concentration of hydrolysable bonds in the system. 

In the exo-type attack, at any given moment there 
is only one site for enzymic attack on each chain, 
namely the chain end. Hence, in this case, (Ci)ef  f is the 
total concentration of polymeric molecules of length i. 

This view can now be examined quantitatively, 
using the analytical model developed above, and im- 
plementing the conditions prevailing in the system 
during endo- or exo-type attack. 

3.2. 1. A particular case: the endo- type  
attack 

In this case, Equation 13 holds for all values of i and j 

Pid = 1 (13) 

Combining Equations 10 and 13, one obtains 

dCi 
_ k3,, c E c , ( i -  1)+ 2cE (k3'J 

dt KM, i J=i+t kxKM,j JI 

(14) 

Also, combining Equations 12 and 13, one obtains 

CE--GET/{ 1 -[- ~'~ I 1 I} ~....cj(j- I) (15) 
j=2 L Mj 

As indicated above for Equation 10, Equation 14 also 
represents an entire set of differential equations, each 
for a given chain length. This set, as well as Equation 
15, are actually more general forms of the equations 
described by Suga et al. [18]. The latter were de- 
veloped for the particular case of the endo-type attack 
pattern, and do not allow for the possibility that the 
kinetic constants might be dependent upon the size of 
the polymeric substrate. 

The fact that the endo-type attack can be con- 
sidered as a particular case of the preferred-attack 
pathway is also substantiated by the results of nu- 
merical simulations. These are presented in Section 3.5 
below. 

3.2.2. A particular case: the exo- type  
attack 

The two ends of a biopolymer chain differ from one 
another, e.g. reducing and non-reducing ends in a 
polysaccharide molecule, or amino- and carboxy- 
termini in a polypeptide molecule. Owing to specificity 



of their action, exo-type enzymes degrade polymeric 
chains by cleaving fragments (usually monomers) from 
one end of the molecule only. Thus, when expressed 
in terms of probabilities for cleavage, as these ap- 
pear in Equation 10, the exo-type degradation is 
characterized by 

Using these 

for i ¢  1 

dC~ 

dt 

f o r / =  1 

dC1 

dt 

for 1 = 1 P t ,  i = 1 "] 
for 1 # 1 Pl,i = 0 
for i = 1 Pi,j = l 
f o r i # l  Pi,j = 0  
for j - -  i =  1 Pj_~,j = 1 
for j -  i # 1 Pj_i , j  = 0 

(16) 

probability values, Equation 10 becomes 

k3'i CiC E -}- k3'i+1 Ci+lC  E (17) 
KM,i KM,i + 1 

N k3,j C 
(j~=3~jM, j i C E ) +  2 ~ C 2 C  E (18) 

Also, for the probability values shown in Equation 16, 
Equation 12, expressing the concentration of free 
enzyme, now becomes 

CE = GET/J1 -k-j= ~, (~C,)]2\ . .Mj ( '9) 

Similar to what is indicated for Equations 14 and 15, 
Equation 17 also represents an entire set of differential 
equations, each for a given chain length. This set 
together with Equations 18 and 19, are actually more 
general forms of the equations described by Suga et al. 
]-18]. The latter were developed for the particular case 
of the exo-type attack pattern, and do not allow for 
the possibility that the kinetic constants might be 
dependent upon the size of the polymeric substrate. 

Rearranging Equation 21, Equation 22 is obtained 

N k3,i i-i 1 
~" CE Z ( -  Ci ~=1 ej,i (22) V 

i = 2 \KM,i j 

Inserting the expression for CE from Equation 12, 
Equation 22 becomes 

u / k  • i-1 
CET Y, ( ~  Ci r, P,,i 

V = i = 2 \  M,I j=l  
N I i- 1 (23) 

For examplification on how Equation 23 is utilized, 
we here consider the particular case in which the 
catalytic constant is independent of the length of the 
polymeric substrate (i.e. k3, ~ = k3). Under these condi- 
tions Equation 23 becomes 

k3 CET ~' ~ k G 7  ij~=l Pj'i 
V = i = 2 , (24) 

1 +  - -  ~ P j , ~  
i=2 KM, I J 

We note that 

k 3 Cr~ T = Vma x (25) 

and Equation 24 can thus be rewritten in terms of Vma x 

Vmaxi Ci Z Pj,i 
V = j=l  N V 1 i- 1 -I (26) 

1 + i~=2L~iCij~=l Pj,i ] 
Equation 25 expresses the reaction rate using indi- 
vidual parameters for each size polymer. However, 
when considering only the average chain length of the 
polymer (v), the reaction rate must be redefined. This is 
done in Equation 27 in terms of V*, and using 
Equation 25 

VmaxCv(u-  1) 
V* = (27) 

KM, v + Cv(v -- 1) 

3.3. Corre lat ion be tween  KM, V and KM, ~ 
As mentioned in Section 2.3, in instances when indi- 
vidual KM, i values are involved, interpretation of ex- 
perimental data in terms of standard procedures leads 
to an apparent value, KM,v, rather than to the indi- 
vidual KM, ~ values. In this section, the correlation 
between these quantities is deduced. 

When an enzyme degrades a polymer via the single- 
scission attack pathway, the total rate of reaction can 
be described by Equation 20 

Z dCi 
V = '~ 

i=lz" dt 

Combining Equations 10 and 20, we obtain 

V _ 

(20) 

N k3,i 
- - -  ~ CE Ci Z Pl,i 

i= 1 LI"M,i 1= 1 

(21) 

In this equation, the factor (v - 1) is included so that 
concentration of actual substrate (i.e. hydrolysable 
bonds) be related to the apparent concentration of 
molecules of size v (i.e. Cv). We also consider the 
definitions of v (Equation 28) and C v (Equation 29) 

N 
Z iCi 
i=, (28) V -- N 
Y c, 

i=1 
N 

Cv = ~ Ci (29) 
i=1 

Using these definitions, Equation 27 becomes 

N 
Vmax Z ci(i  - 1) 

v* = i= t N (30) 
KM,v + Z Ci(i -- 1) 

i=1 

Considering the fact that the observed rate of reaction 
is an experimental quantity, it does not depend on the 
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mode of interpretation of the results. It, therefore, 
necessarily follows that 

V = V* (31) 

and from Equations 26, 30 and 31, we obtain 

Vmax 1/KM,i) Pj,i Vma x ~ Ci(i - 1) 
i = 2  ---- i = 1  

1 + (1/KM,,) Ci Y', Pj,, KM,v + 2 Ci(i -- 1) 
i = 2  j = l  i = 1  

(32) 

Equation 32 leads to the correlation between KM, v 
and KM, i 

N 

Z C,(i - 1) 
i=2 (33) 

KM,v = U i -  1 

(1/KM,i) Ci ~_, Pj,i 
i = 1  j = l  

It can be seen that KM, v expresses the actual chain- 
length distribution of fragments present in the system, 
as well as the probabilities for bond cleavage. 

As indicated above, Equation 33 was derived for the 
particular case when, for all values of i, k3,i = k3. 
When this limitation is not applicable, correlations 
similar to that shown in Equation 33 can also be 
obtained, and this is achieved starting from Equation 
23 rather than Equation 24. 

3.4. C o m p u t a t i o n  p rocedures  
It was mentioned above that the analytical models 
developed lead to a set of ordinary differential equa- 
tions, each describing the change in concentration of a 
polymeric chain of given length. These equations can 
be solved numerically. To this aim a computer pro- 
gram was written, and is based on the Euler method 
[23-]. This method is very sensitive to the size of the 
integration step. Therefore, a mass balance on the 
total number of residues in the system is included in 
the program, and the integration step is selected as the 
largest one which satisfies the mass balance (within 
0.1%). 

The input parameters required by the computer 
program are listed in Table I. We note that amongst 
them, the ones related to the molecular size of the 
polymeric substrate, i, can be supplied either as a 
chosen mathematical function of i, or as a chosen set 
of discrete values. The input list also includes para- 
meters related to the integration steps utilized for 
numerically solving the differential equations. These 
parameters are required because stability errors, in- 
trinsic to the Euler method employed, may occur. In 
this study, we utilize the residue mass balance as a 
guide for choosing appropriate values of the above 
parameters. 

The output data are listed in Table II. As can be 
seen, using the procedures developed, a dynamic de- 
scription of the degradation process is thus obtained. 
It is expressed merely in terms of the chain length 
distribution of degradation fragments, as produced at 
each stage of the reaction. This distribution is the basic 
information, from which many physical characteristics 
of the system can now be deduced. For example, the 
number- and weight-average molecular weights, poly- 
dispersity, as well as hydrodynamic and thermodyn- 
amic properties can be calculated. 

In principle, one can also conceive the inverse mode 
of utilization of the analysis presented herein, namely 
to combine detailed experimental data with the kinetic 
models and computer program developed, in order to 
delineate analytical expressions for KM,i, k3,i and/or 
Pio functions. This possibility is not yet included in the 
computer program developed. For this to be achieved, 
curve fitting and parameter estimation subroutines 
must also be included. 

3.5. Resul ts  of numerical  s imula t ions  
The models described above were used to simulate the 
time course of a variety of polymer degradation pro- 
cesses. Thus, degradation by endo- and exo-type 
enzymes, as well as the effect of initial distribution of 
polymer chain lengths were considered in previous 
reports [-13, 14]. In this report we present an extensive 
analysis on the correlation between the detailed 

T A B L E  II Data  output from the computer  program 

Parameter  SymboP Units 

Concentrat ion of degradation products at any given time, t C~ m M  b 
(fori  = l t o N )  

Mass balance on residues in the system at any given time, t 
Total concentration of bonds cleaved, from the onset of the reaction till time, t 

Optional 
Extent of reaction 
Average chain length 
Number  average molecular weight 
Weight average molecular weight 
Polydispersity 
Weighted-average Michaelis constant  ° KM.~ 

c 

m M  d 

% hydrolysis 
Number  of residues 
g tool- 1 
g mo l -  1 

m M  d 

a As appears in equations in the text. 
b Defined in terms of molecules. 
c Expressed in terms of % discrepancy relative to the initial total concentration of residues in the system. 
d Defined in terms of bonds. 

See Sections 2.3 and 3.3. 
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characteristics of the probability profile, on the one 
hand, and the size distribution of degradation pro- 
ducts and its change during the reaction, on the other 
hand. 

3.5. 1. General case: the preferred attack 
pathway 

The probabil i ty profiles utilized in this study are 
shown in Fig. l. As can be seen, two groups, A and B, 
were considered. In each group, profiles were varied in 
a systematic manner, so that effects of each variation 
can be analysed in all its details. Thus, in both groups, 
we started from a probability profile characteristic to 
a strictly random attack (profile 1), and ended with 
one in which the bonds adjacent to the chain ends are 
completely stable to enzymic attack (profile 4). How- 
ever, the intermediate profiles differ from one group to 
the other. 

Probability profiles, as shown in Fig. 1, can indeed 
be encountered in actual experimental cases. For  ex- 
ample, profile 1 is characteristic of degradation by an 
endo-type enzyme, while profile 3 is pertinent to de- 
gradation of a polyaminoacid by carboxypeptidase. 

Results of numerical simulation are presented be- 
low, in terms of extent of reaction (Fig. 2), and size 
distribution of degradation fragments (Figs 3 and 4). 
In each case, the pertinent probability profile is indi- 
cated in the figure, while for the other parameters 
involved, numerical values employed in calculations 
are collected in Table III. 

From the results presented it can be clearly seen 
that even very small differences in the probability 
profiles (particularly in the susceptibility to cleavage of 
bonds at polymer ends) may have considerable effects 
on the degradation process. These effects are ex- 
pressed not only in the extent of the reaction, but in 
the composition of products as well. 

The effects of Pmin (for a constant value of z) were 
investigated in detail for probability profile 6. The 
results obtained are shown in Figs 5 and 6. We note 
that the most pronounced effects are seen at low 
values of Pmin, namely 0 < Pmin < 0.1, and this is true 
both for extent of degradation (Fig. 5) and molecular 
size distribution of products (Fig. 6). 

The effect of changing z, for a constant value of 
Pmin, w a s  also investigated in this study. Thus, for 
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parameters used in the simulations, see Table Ill. 
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systems characterized by probability profile 6, results 
are shown in Figs 7 and 8. We note that z determines, to 
a large extent, the time course of the reaction (Fig. 7) 
as well as the molecular size distribution of products 
(Fig. 8). 
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TABLE III  Numerical values for the parameters employed in computation of data presented in Figs 2, 3 and 4 

Parameter Symbol" Value Units 

Michaelis constant Ku,i 2 mMb 

Catalytic constant 

Size of the longest chain present in the system 
Total concentration of enzyme in the system 
Initial concentration of polymer fragments 

(fori = l t o N )  

k3,~ 1 min- 1 
(fori = l t o N )  

N 
CET 

G(0) 
fori = 1 to 19 mM ~ 
for i = 20 mM ~ 

Probabilities for bond cleavage 
Molecular weight of a residue in the polymeric chain 
Duration of the reaction 
Initial integration step 
Constant for division of integration step 

Pi,j 

20 
0.1 

0 
1 

d 

180 
240 
1 
2 

Number of residues 
mM 

g tool- i 
min 
rain 

"As appears in equations in the text. 
b Defined in terms of bonds. 
c Defined in terms of molecules. 
d As indicated in each figure. For details see also Fig. 1. 
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Figure 5 Effect of Pm~, on the time course of the degradation 
reaction. The probability profile considered in calculations 
(probability profile 6 in Fig. 1) is schematically indicated. Numerical 
values of other parameters used in the simulations are collected in 
Table III. 

3.5.2. A particular case: the endo-type 
attack 

The view that endo-type attack is a particular case of 
the preferred attack degradation pathway was dedu- 
ced on analytical grounds, as indicated in Section 3.2.1 
above. This is also clearly seen from results of nu- 
merical simulations. Thus we note that this limiting 
case is reached when Pmi, = 1 (Fig. 5) or when z = 1 
(Fig. 7). Moreover, these models were used for ana- 
lysing the degradation of a homopolymer, poly-N- 
(hydroxyethyl)-L-glutamine (PHEG), by papain, an 
enzyme known to be of the endo-type. Good agree- 
ment was reached between theoretical and experi- 
mental results [13, 14]. 

3.5.3. A particular case: the exo-type 
attack 

The view that exo-type attack is a particular case of 
the preferred attack degradation pathway was also 
deduced on analytical grounds, as indicated in Section 
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Figure 6 Effect of P,~, on the size distribution of fragments ob- 
tained 30 and 60 rain after the onset of the degradation reaction 
(panels (a) and (b) respectively). The probability profile considered 
in calculations (probability profile 6 in Fig. 1) is schematically 
indicated. Numerical vaktes of other parameters used in the simu- 
lations are collected in Table III. 

3.2.2 above. Using this approach, numerical simu- 
lations were performed to assess the effect of the 
kinetic parameters on the time course of the degrada- 
tion process. The results obtained were reported 
previously [13, 14]. 

4.  D i s c u s s i o n  
In a previous report [11], mechanistic aspects con- 
cerning polymer degradation by enzymes were con- 
sidered. In particular, a unified view was presented 
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Figure 8 Effect of z on the size distribution of fragments obtained 
30 rain after the onset of the degradation reaction. The probability 
profile considered in calculations (probability profile 6 in Fig. 1) is 
schematically indicated. Numerical values of other parameters used 
in the simulations are collected in Table III. 

regarding all degradation patterns along which an 
effective encounter between enzyme and its polymeric 
substrate leads to scission of one bond only. This 
unified view, the "single-scission attack", thus encom- 
passes the endo- and exo-type degradations. Based on 
this understanding, a new classification and nomen- 
clature for various enzymic depolymerization pro- 
cesses was offered [11]. 

In the present report, the analytical basis underlying 
the above concept is presented. In developing the 
corresponding kinetic model, the actual size (namely, 
number of residues, i) of the polymeric substrate is 
explicitly taken into account. This feature allows us to 
consider the susceptibility to cleavage of a particular 
bond when part of polymeric fragments of various 
sizes. Such a characteristic was encountered when 
interpreting experimental results, regarding, for ex- 
ample, the Michaelis constant, KM, for the systems 
poly-N-(hydroxyethyl)-L-glutamine (PHEG)-papain 
[10, 13] and amylose-glucoamylase [8, 9]. 

The delineation of the single-scission mode of 
action relies on two concepts. 

(a) Effective substrate concentration, (Cz)eff. This 
quantity expresses the actual concentration of avail- 

able substrate of size i. It should be emphasized that it 
does not represent concentration of real species in the 
system, but is a characteristic analogous to the con- 
cept of thermodynamic activity. Moreover, this is a 
weighted quantity and originates in the fact that the 
substrate is macromolecular and polydisperse with 
respect to its molecular size. 

(b) Probability profiles. They attribute a certain 
probability for cleavage to each bond in a polymeric 
chain. In the analytical model we assume that the 
probability profile is identical for all chains of given 
size, independent of their origin. Such probability 
profiles were also derived for the system amylose-~- 
amylase [2, 4]. In the latter case, energy balance was 
used in calculations, whereas in our model mechan- 
istic considerations (manifested in mass balances) are 
applied. 

Using the analytical models developed, calculations 
were performed to simulate enzymic degradation of 
biopolymers. Particular consideration was given to 
the dynamic aspects of the processes, and to a detailed 
description of degradation pathways and size distribu- 
tion of degradation products. The results obtained 
(e.g. Figs 5-8), point to the fact that the detailed 
features of the probability profile have a significant 
effect on the time course of the degradation and the 
range of products obtained. 

The analytical models established,and the results of 
calculations also provide the quantitative ground for 
our view that the endo-type attack is a limiting case of 
the general, preferred-attack, mode of polymer de- 
gradation by enzymes. This is clearly seen when 
considering data presented in Figs 2-4. By analogy, 
similar evidence can be offered to show that the exo- 
type attack is also a limiting case of the preferred- 
attack mode of action (results not shown). 

It should be emphasized that the kinetic-statistic 
analysis presented above, as well as the mathematical 
models and numerical simulations, are concerned uni- 
quely with single-enzyme degradation of homopoly- 
mers. Yet, extension of these studies can be envisaged 
so as to consider degradation of copolymeric sub- 
strates. In such cases, however, it will be necessary to 
take into account that probability profiles are also 
determined by the primary structure, i.e. residues se- 
quence, of the polymeric substrate. Fragments ob- 
tained during the degradation retain the original se- 
quence and therefore, different probability profiles will 
have to be attributed to chains which contain the same 
number of residues, but differ from one another with 
respect to their primary structure. 

The models presented can also be extended to 
processes involving a few enzymes operating in paral- 
lel or in a synergistic manner, and to more complex 
kinetic mechanisms including enzyme inhibition or 
chain transfer phenomena. These will be considered in 
further studies. 
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